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Abstract 
Some special cases of the generalized hypergeometric function q.~Fq with rational numbers as parameters are given in 
tabular form. These results complement existing tables. Some analytical aspects are discussed, and a derivation is given 
for those cases which correct existing table entries or replace numerical values by analytic expressions. 
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1. Introduction 
The general ized hypergeometr ic  function [18, No. 7.2.3.1; 14, p. 155] 
"'" (bq)  z = q , k:0 [-lh=l (bh)k k! (1) 
where (~)k  = F(z t  + k ) /F (~)  is the Pochhammer symbol and F(x )  is the gamma function, occurs 
in many theoretical and practical applications, e.g., in mathematics, theoretical physics, engineering 
and statistics. For non-vanishing ah and bh, the series on the fight-hand side converges if one of the 
following conditions is satisfied [18, 7.2.3.1]: 
(i) p~q, I  z] <cx~; 
(i i) p =q + !, [z[ < 1; 
(i i i) p=q+l ,  l z [= l ,  Re~bq>0;  
( iv) p=q+ 1, Izl = l , z¢  1, -1  < Re~bq ~<0, 
= ~h=l(bh -- ah) -- aq+l. Otherwise it diverges. where I//q q 
" Corresponding author. 
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Some years ago, Prudnikov et al. presented, originally in Russian, an extensive compilation of 
general formulae for this function in a volume [18] which forms part of a monumental work now 
consisting of live volumes of tables of integrals, integral transforms, finite sums and infinite series, 
with particular emphasis on the generalized hypergeometric function. In addition to the general 
formulae, which require a certain amount of practice if they are to be used profitably, this volume 
contains, in tabular form, more than 2000 particular esults for special values of the parameter sets 
(ap) and (bq). These results are in general given in terms of known functions or constants, in 
particular for the often occuring case  q-lFq (q = 1 . . . . .  8) and with special emphasis on z = :kl. 
A few cases are given only numerically. It is evident hat such tables facilitate the usage of the 
generalized hypergeometric function pF u considerably. 
It is the purpose of this note to present some more of these special cases, with the inten- 
tion of completing the existing tables. In some cases, results given in [18] are simplified (Nos. 
7.4.4.135, 7.5.Y65), corrected (No. 7.6.2.22), or numerical values (in one case given incorrectly) are 
replaced by analytic expressions (Nos. 7.6.2.25, 7.6.3.7, 7.7.2.10, 7.8.2.6). Some analytical aspects are 
discussed, and a number of these formulae, in particular the cases mentioned above, are derived in 
the next section. 
2. The analysis for some formulae 
We start by noting that [18, No. 7.10.1.4] 
a .. . . .  a , t  ) 
q,lFq a+ 1 . . . . .  a+ 1 z =aq~(z ,q ,a ) ,  (2) 
where 
• (z , s ,v )  = k 0(r+k) s (izl < 1" v¢0 , - i , -2  .... ) (3) 
is the Lerch transcendent [5, No. 9.550]. For Res > 1, this series also converges for ]z[ = 1 
[5, No. 9.521], and for z = 1 it is known as the generalized zeta function, denoted by 
~(s,v)= ~(1,s,v) = (v+k)s  (Res> 1; v ¢ 0 , -1 , -2  .... ). 
k .:0 
Thus a number of expressions in Tables 2 to 5 below are related to special cases of ~(s, v). Because 
of [ 1, No. 6.4.10] 
@")(x) = (- l )"+l  n! ' (n + 1,x) (n E N), (4) 
where 0(x)=d In l ' ( x ) /dx  is the logarithmic derivative of the gamma function, this function is related 
in turn to the derivatives of 0(x). In particular, from 7.4.4.135 and 7.4.4.197a in Table 2, we find 
3 T~2 rd + 8G, = -8G,  
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where 
( -1 )  k 
G= (2k + 1) 2 -- 0.9159655941 ... (5) 
k..-0 
is the Catalan constant [1, No. 23.2.23]; and from 7.5.3.65a and 7.5.3.110a in Table 3, 
tt  1 ~k (~)=-2[ r t3+28~(3) ] ,  ¢'"(~) = 2[x3-28~(3) ] ,  
where ~(n) _= ~(n, 1) is the Riemann zeta function. These values, and in general ~kc*~(~) and ~0~*)(~),3 
can also be found in another way [8]. They complement the relations 
1 I 3 1 ~9(~) = - ; '  - 5 r t -  31n 2, ~(g) = -7  + 5r t -  31n 2, 
where , '=  0.577215 ... is the Euler constant, which are usually to be found in the tables. 
We now derive some of the formulae given in Tables 1 to 6. 
7.4.4.209a and 7.4.4.210a (Table 2) 
We use [18, No. 7.4.4.2] 
) F(d)F(e)r(s) a, b, c l = 
~ d, e F(a)F(b + s)F(c + s) 
d-a ,e -a ,s  l 
\ 
3F2 b+s ,c+s  J 
( s=d +e-a -b -c ;  Rea >O, Res >O), 
for a = b = c = 1, d = ¼(2k + 1), e = 2, hence s = ¼(2k - 3), and obtain with (2) and (4), 
(1,,,i I) 
3Fz ~(2k+1),2 I -2k -  3 ¼(2k+l) ,~(2k+l)  1 
2k - 3 
4 
In particular, for k = 2 and k -- 3, 
I (n 2 + 8 G), 3F2(1, 1, 1; ~,2; 1 )=~ 
3 (X2  __ 8 G)  3F2(1, 1, l; 7, 2; 1)=~ 
as given in Table 2. 
- -  ~p' ( ~ )  (k >/2). 
(6) 
(7) 
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7.4.4.183a (Table 2) 
From [18, No. 7.4.1.11] 
c, 2a+b-c+l  
( !  (~) )2a  (2a, c -b ,  2a -c+l  
= 1-  3F2 c, 2a+b-c+l  
I 3. we obtain, with a = 5' b = 1, c = 5, z = 1 using (2), 
3. 3F2(½, 1, 1; ~, 3; 1)=23F2(~,  ½, 1; ~, 5, 
Using (3) and (5) yields 
3. I )=2G 3Fz(~,. 1, 1; ~, 5' 
in Table 2. 
We may add that, by 
1)!/k! [17, p. 720], this 
22k (k ! )  2 
G= 
+ 1)! k=0 
This formula goes back 
7.4.4.243c and 7.4.4.243d (Table 2) 
We introduce the abbreviation 
(ap)+n= al +n, az +n ..... ap +n 
(,- 
z 
t q~( - l ,2 ,  J - I )  = ~ 5). 
1 using (1) directly and noting that (5)* = 2-2a(2k)!/k! and (3)* = 2-2a(2k + 
relation can be written as 
1 _ ,  1 + K--,  __ 
2k+l  2 . .3 . s    k-+l)2k+l 
b 
to Catalan [2, p. 41]. 
(8) 
to denote the set of the p numbers given on the right-hand side and use [17, p. 720] 
(a + n), - (a). 
in order to write (1) as 
P+IFq ( (ct') + n' 1  2 
i - iP  (ch)n ,. p4 (dq) z - l_iq_,(dh) * z* (n >1 l). 
k=0 
Hence, for c~ = c2 = 1, d l=  ~(2k + 5), d2 = 2, using (7), 
{(,,, [,),} 
3F2 ~(2k+5) ,3  1 =~(2k+ 1) 3F2 I (2k+1) ,2  
=½(2k+l){~(2k-3)~,'(l(2k-3) ) -1}  (k>~2). 
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In particular, for k = 2 and k = 3, 
5 (rt2 + 8G-  4), 3F2(1, 2, 2; ], 3; 1) = 
7 (3n2 _ 24G - 4) 3F2(1, 2, 2; ~, 3; 1 )= 
as given in Table 2. 
7.4.6.1a (Table 2) 
3.  I From (8) we obtain, with a = ~, b = 1, c = 5, z = a, using (2), 
_ 3 .  1 3F2(12' i, 1; 3,.~, a )=4(2-v /3 )3F2(½,  ½, 1; 3, ~; 7+4V~)  
I = (2 - v/3) ~( -7  + 4v~,  2, 5 )" 
Using (3), together with the arctangent integral [16, No. 5.2.5.14] 
Ti2(x) = arctan t --dt = ( -  1 )kX2k ~1 
t k=o (2k+1)2 '  
and noting that V/7 - 4x/-3 = 2 - v~,  leads to 
3.  1 3F2(½, 1, 1; ~, 5, a) = 4 Ti2(2 - x/3). 
Finally, using [13, p. 45] 
2 Ti2(1 ) - ~ rt In(2 + v/-3) Ti2(2 - v~)= 
and T i2 ( l )=  G [13, p. 285], we obtain 
' 1, 1; 3 3 . ,  ' [8G- r t ln (2+v~)]  3F2(2  ' 2 '  2 '  4 )=3 (9) 
in Table 2. In the table of Hansen [7, No. 5.21.6], this result is given in the form 
(k')2 =± [8T iA I )+ r t ln (2 -  v/3)] 
~=0 (2k + l)(2k + 1)! 3 
which can be obtained from (1). Petermann [15], with a rather vague hint concerning the method 
of proof, gives this relation as 
G = ~ (2k)! (2k + 1) 2 rtln(2 - x/3) . 
7.5.5.1a and 7.5.5.1b (Table 3) 
In order to prove the entries 7.5.5.1a, b in Table 3 we need three recurrence relations for the 
generalized hypergeometric function pFq which we present here for convenience. Their derivations 
will be published elsewhere [10]. They complete the formulae in [18, Section. 7.2.3]. 
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We use the common abbreviations [18, p. 798] 
a a+ 1 a+k-  1 
A(k,a)  =__ k'  k . . . . .  k ' (10) 
/`(k,(ap)) = (ap) (ap) + 1 (ap) + k - 1 
k ' k ' " "  k 
for the corresponding sets of k and kp numbers, respectively. We then have 
z = p+2Fq+2 (cp), A(2,2a) 
P'-Ifq+l (dq), l+a  (dq) , / ` (2 ,1+2a)  z , (!1) 
z = p~2Fq+l l z (12) 
(dq) (dq), 
= P+zFq+' ( (cp)' A(2 '2)  53 z . (13) 
We also make use of [18, No. 7.2.3.42; 14, p. 158] 
( / , (2 , (Cp) ) ) ,  z2 
2pF2q+l A(2, (dq)), 5 
=~ pFq (dq) (dq) 
(a (2 , (cp) )  ) =2l,_q_21-I~=l(dh- l)z__ 3 Z2 I 
2pF2u.J A(2,(dq)), 5 I-I~'=l(ch- I) 
X pFq (dq) I 2l+q-Pz -pFq (dq)(CP) - II _ 2,.q_pz (Cl,. . . . .  ,Cp ¢ 1; at . . ,dq ¢ l). 
(15) 
These formulae represent the splitting of the series (1) into its even and odd parts. 
In order to derive formula 7.5.5.1a, we use the definitions (10) and the recurrence relations (11) 
and (12). We obtain 
( f 6) R = 4F3 4'2 '1 ' I  3 ~ 5 = 4F3 
=5F4 
= 6F5 
' A(2,1), 1 ~6) a, 
5 A(2, 3 a, 5) ( ,  A(2, 5 ), A(2, i ), 1 
3 3 A(2, 5 ), A(2, 5 ) ( ,  /,(2, 5), 
3 ,5(2, 5), 
4 
A(2, 1 ), A(2, 1 ) 
I A(2, ~), 
,) 
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Applying (14) with p = 3, q = 2 yields 
,{ l 3 3. I i 3 3-. _ l~  R=5 3F2(~, 1, 1; 5' 2' 7~) + 3F2(5' 1, 1; 2' 2' 4- , '  
and hence, using (9) and [18, No. 7.4.6.2] 
3F2(~,1,1.3 3. , , r ?_31n2[~(x /~_ l ) ]  
_ ,5 ,2 ,  a )=g 
finally 
R=~ { 16 G + rd" - 18 In2 [~(x/5 - 1)] - 2gin(2 + xf5)) 
as given in Table 3. 
Similarly, by using ( i l )  and (13), we obtain 
R = 4F  3 ~, 1, 1, 5 = 4F3 
5 7 7 7 5 ~, 4, a ~, A(2, 5) 
A(2, 5), A(2,2), 1 
s s =5F4 A(2,5),A(2,~) 
(A (2 ,  ~), A(2,2), &(2, 2 )~) .  
= 6& A(2, a(2, {), 
Applying (15) with p = 3, q = 2 yields 
3. i i 3- 3. _±~1, 1,1; 
~' 2'  2' 4" J '  
and hence, using (9) and (16), 
R= ~{16G - n 2 + 181n 2 [~(v/5 - 1 ) ] -  2nln(2 + V'3)} 
as given in Table 3. 
7.5.5.1e (Table 3) and 7.6.4.2a (Table 4) 
We use (1) directly and consider 
R:~ = ,Fq(  1 ' ' ' ' '1  ~) ~-~ (:kl)k(k')q 
,t - q~ 3 2 . . . . .  2 + = 3 4k (q>~ !), ,~' k=0 (5)k [(2)to] q-I 
I where for q = 1 the left-hand side reduces to 2FI(1, I; ~; q-~). This formula can be written as 
~: = 2 ~-~(+ l / . I  (k!) 2 (+1) k+l 
R,, (2k),k~ - 2 (2kk) 
k=l k=l kq 
85 
(16) 
(17) 
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The cases q--- I and q = 2 can be obtained from the formulae for arbitrary z in [18, No. 7.3.2.147; 
18, No. 7.4.2.353]: 
e~-=~ v'~ In (1 +x/5) , 
'n  2. R f=41n2[½( l+x/5) ] .  Ri  ~ = 
i - = ~(3)  is given in [6, p. 143; i l, p. 36; 20; 21], i.e., The relation~R3 
1, I, 1, 1 j )  4 ~(3). 
4F3 3 - = 
5,2 ,2  
We include this result in Table 3. 
The series for R~" in (17) has received some attention. Petermann [15] substitutes u = [2sin ½x] 2 
in the integral [13, p. 206] 
f0 ~ 17 n4 x 1n2(2 sin ½x)dx = fig6 (18) 
in order to establish a connection between this series and n 4. We use a slightly different approach, 
integrating (18) by parts before making the same substitution. This gives 
fo -'~ fo' , du x in2(2 sin ~x)dx =-  arcsin2(sv ~)  lnu - - .  U 
Using the series [5, No. 1.645 2] 
i ~"  [(k - I)!] 2 
arcsin 2 x = 2 "---" (2k)! (2x) 2~ (Ix] < I), 
k=l 
and integrating term-by-term, yields 
fo ~'~ '~-~ (k') 2 x 1n2(2 sin ½x)dx = 5 (2k)!k 4, 
k=l  
and hence, taking into account (17) and (18), the formula 
5F4 3 = TgY6 
5,2 ,2 ,2  
in Table 4. 
Referring to Le Lionnais [11, p. 35], Petermann (1990) claims that he has proved a long-standing 
conjecture about ~(4), namely 
/ ~-~ | 36~-~ 1 (19) ~(4)= n4 = k 4 17 {2k'~ ' 
k~l k=l ~ k ) k4 
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which in fact means that the two infinite series in this equation are rational multiples of each other. 
However, van der Poorten in his foreword to the second edition ( 1981 ) of the book of Lewin [ 13] on 
polylogarithms mentions that this relation can be derived from the integral (18), which had already 
been evaluated by Lewin [12, p. 185]. In [20] he states that he had actually found this proof in 
1979, and in [21] he discusses it in detail. It is evident that the evaluation of (18) represents the 
crucial step in the proof. 
In view of this, it is surprising that Guy [6] in Problem FI7 of his book on unsolved problems in 
number theory [6, p. 142], in spite of the fact that he gives [20, 21] as references, hould write: "AIf 
van der Poorten asks for a proof that ((4) . . . .  [(19)]. It is known that ... [giving the corresponding se- 
ries for ((2) and ((3)], but how does one prove the ((4) result?" As a curiosity, we may add that van 
der Poorten [20] is "astonished" that Comtet [3, p. 89] should ask for a proof of (19) as an exercise. 
Note that [ 1, No. 23.2.19, 24] 
17z2 ~Z i 4 ~-~ ( -1 )  k+' 
((2) : g : ~ ,  ~(3) : ~ k3 , 
k:l k:l 
and the equations R~ i 2 and R~ 4 = ~rt • -- ~(3)  show that the two pairs of series 
~-~ k_ ~ ~ 1 ~ (-1) k÷l _ 15 ( -  I ) *+ l  _-3 . 
~.~l k-I k 2 k=~ k=l k 3 
are also rational multiples of each other, and these cases, together with (19), are believed [20, 21] 
to be the only pairs 
kq ' 
k- I  
-~--~ (-F 1 ) k+l 
which have this property. 
7.6.2.22 (Table 4), 7.7.2.9a (Table 5), 7.8.2.5a (Table 6) and 7.6.2.21a (Table 4) 
The right-hand side of [18, No. 7.6.2.22] is incorrect. To obtain the correct expression, we make 
use of [18, No. 7.10.2.6] 
q~,Fq(a .... ,a,b 1 ) ( - I )q - ]aqF( l _b ) (d~q- '  F(a) (Reb<q;qE~). 
a+ 1 . . . . .  a+ l  (q -  1)! \da] F( l+a-b)  
It is well known (e.g., [19, p. 35]) that 
eq(X)=e~(X)Y,,(g( ),g ( ),...,g(")(x)), 
where the (exponential) complete Bell polynomials Yk(Xl,X2,...,Xk) are defined (e.g., [3, p. 134]) by 
exp xj ~ = 1 + ~ Y.(x,.x2 ..... x,) ~. 
n=l 
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In the present case, we have 
9(a,b)= In F(a) -  In F(1 +a-  b), 
9(k)(a,b) = ~Olk-I)(a) - ~,(~-I~(l +a  - b) (k >~ 1), 
so that 
q+t fq(a  . . . . .  a,b ) (--1)q-la q 
a+i  . . . . .  a+ l  1 - (q - l ) !  B (a , l -b )  
x Yq_, (~(a)-  ~k(I + a -  b) . . . .  , ~ / (q -2 ) (a ) -  ~//(q-2)(l +a-  b)) ,  (20) 
where B(x, y) = F(x)F(y)/F(x + y) is Euler's beta function. The first few Bell polynomials are [3, 
p. 307] 
Yl(xl ) = x j ,  
r2(x~,x2) = x~ . x,, 
Y3(XI,X2,X3 ) = X~ -~- 3XtX2 + x3, 
4 6x~x2 4xlx3 3x~+x4, Y4(Xl,X2,X3,X4)= xl + + + 
Ys(x,,x2,x3,x4,xs) = x~ + 10x~x2 + 10x~x3 + 15x,x~ + 5x,x4 + 10x2x3 +xs.  
Therefore, setting q = 4 in (20), 
'F4( aa+ ..... 1..... a, ba+ 1 1) = ~a4B(a,l-b){[~(1-4-a-b)-~k(a)] 3 
-3  [~'(1 + a - b) - ~b'(a)] [~k(l + a - b) - ~b(a)] + ~k"(1 + a - b) - ~"(a)} (Reb < 4). 
This formula corresponds to [18, No. 7.5.3.9] for 4F3, which can be obtained by setting q = 3. 
1 and using the values for ~( J )  . . . . .  ~"(43-) leads to Setting a = ~, b = i,
5F4 4'  4'  ~' 4'  i 1 - F (~)(5x 2 + 48 G), 5 5 5 5 ~, ~, ~, z 1536v'~ 
which is formula 7.6.2.22 in Table 4. Similarly, by setting q = 5 and q = 6, and using [8] 
I//"( ¼ ) 8 [rt4 + 96fl*(4)], ,,, 3 = I// ( ) = 8[•4 -- 96fl*(4)], 
~,~4)(]) = _8  [5zt 5 + 1488~(5)], ~k(a)(J) = 815r: - 1488~(5)], 
where 
fl'(n) = (2k  + ])" 
k=0 
is a series usually denoted by fl(n) [1, No. 23.2.21], we obtain 7.7.2.9a in Table 5 and 7.8.2.5a in 
Table 6. An asterisk is used to avoid confusion with the function fl(x) defined in (21) below. Note 
that fl*(2) = G and fl*(4) = 0.9889445517 ... 
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5 and using Formula 7.6.2.21a in Table 4 can be found from (20) by setting a = -~, b = g
J " 2 In 2 -  3 In 3 - i v~rc, ~O( 1 3 In3 -  i v~z ,  0(~,) = - , ' -  ~ ~ ~) =-~' -  ~ 
4 7[2 
= , 
0"(~) = -182C(3) -  4 v/-J r?, ~b"(½) = -26~(3) - ~ x/3n 3. 
The formulae in the first two lines are well known or easy to calculate [5, No. 8.365 6; 8.3666], 
but the expressions for Oi l (  l t, l 1 l ~,) and to be new. ~, (~) seem In general, for :c = and :~ = g, the 
even derivatives of ~,(x) at x= :~ and x= 1 - :~ can be expressed for all k~N in the form 
[9] 
{ ~(2k)(~) I=_rl~(2k + l)qzrzx/31~2k+l 
~912')(1 - ~) 
where r~ > 0 and r2 > 0 are rational numbers which depend on ~ and k. Note that the term 
qzrzx/3r? k÷~ also occurs for k = 0. On the other hand, there seems to be no relation which ex- 
presses q/(~), ~'(~), and in general the odd derivatives ff{2k+~)(X), for these arguments in terms of 
well-known constants. 
7.6.2.25 (Table 4) 
The right-hand side in [18, No. 7.6.2.25] is given numerically. To obtain an analytic expression, 
we use the general formula [18, No. 7.2.3.20] 
pFq ( p' a" (ap-2) z) 
p+ l, ~y + l, (bq_2) 
a [ p, (ap-2) 
=- -  p-IFq-I 
o" - p p m l ,  (bq_2) 
twice with a = ~, p = ¼, which leads to 
5/74( I  I 3 3 5 3 7 7. ~, 5, ~. ~, 1; ~, i, ~, 4, 1) 
Z) P p_lFq_l ( Cr' (ap-2) (¢7 • p) 
ei- p i f+ 1, (bq-2) 
34F3(~, ~, ~, 1' ~, ~, ~; 1 ) - '  , 3 3 3 7 7. =;. , 54F3(~,. 4,- ~,' 1', 5, ~, ~, I) 
_ 93F2(1  3 3 7. 9 I I 5 3. 1 )+3F2(3 ,  4 '  I; ~, ~, !). - - -~  5,7~,1;5,~,1)+~3F2(~, ,1;~,~ ' 3 7 7. 
Then, substituting [18, No. 7.4.4.34, 137, 180] 
sF2(~,' ~,' I" 4' 5'3" l )=] (n+Zln2) ,  
31"37"  ~( 3F2(~,  5, , 5, ~, 1)  = 7Z -- 2 In 2 ) ,  
3F2(a, a, 1; a + I, a + 1; 1 ) = -a2~b'(a), 
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where a = 3, and using C(3)= rt 2 -  8 G, yields 
5F4 4' 2 '  4 '  4 '  1 5 3_ 7 7 1 = r tz -2rc -8G+81n2)  
4 '  2 ~ 4 '  4 
in Table 4. 
7.6.3.7 (Table 4) 
The right-hand side in [18, No. 7.6.3.7] is given numerically. To obtain an analytic expression, 
and get we again apply [18, No. 7.2.3.20] twice with tr--- 3, P = 
R-  ~ 1 3 3 5 5 7 7 .  = 5F4(~,  ~, ~, ~, 1; ~, ~, ~, ~, -1 )  
3,F3(¼, ¼, ~, I ; '  5 7. 1 - -1 )  =-  ~,~,~,_1)  l 3 3 5 7 7. 2 ~4F3(~, ~, ~, 1; ~, ~, ~, 
9 I I 5 5 . _1)+1 3 3 7 7. -- 33F2(4L, 3 l" 45-, 7; -1 )+~3F2(~,  ~, 1; 4, 4 , , -  ----~ ~, , ~,3F2(~, ~, 1" 4' 4' --1). 
The last two terms in this equation can be evaluated by using [18, No. 7.4.5.5] 
3F2(a, a, 1; a+ I, a+ 1; - I )=  -a2fl'(a) 
I 3 with a - -  ~ and a = ~, respectively, where [5, No. 8.370] 
/3(x) = ½ [~ (½(x + 1)) - ~, (~x)]. (21) 
The first derivative of  this function satisfies the reflection formula 
fl'(x)---fl'(l - x) - 7z 2c°s 7zx 1 
sin2~x ( i  <x< 1), (22) 
which can be proved by using well-known properties [5, No. 8.365 8,9] of ~,(x). The first term is 
[18, No. 7.4.5.34] 
3 v'~ ln(l + x/-2). 5 7. -1 )= 3F2(¼, 3 -, 1; a, 4' 
Therefore, 
R=-~9 [8x/2 ln(l + x /~)+ 2fl'(¼) + rc2v~] 
From (22), together with [4] 
ff'(-~) = 8x 2 - 4~b'(3) - ~k'(½) 
and q / (3 )= ~2 __ 8 G, we have 
z [~,,(~) _ C(8)] = 2x2 + 16G - ~,'(~) (23) 2/£(4 ) = 
and hence 
_9  [ 8v~ln( l  v~)+ ] R= ~ (2 + v'2)x 2 + + 16G-  ~'(~) , 
the result in Table I. There seems to be no relation which expresses ~'(~) in terms of  well-known 
constants. 
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7.7.2.10 (Table 5) 
The right-hand side in [18, No. 7.7.2.10] is given numerically. We note that this formula is a 
special case of [18, No. 7.7.2.1] 
( 3 ) a2(l_a)2 
6F5 a, a, 1 - a, 1 - a, 1, ~ 1 - [~'(a) - ~'(1 - a)]. 
' T - -  l+a ,  l+a ,  2 -a ,  2 -a ,  
3 9 i and using 0'(¼) and 0'(~), the result gG in Table 5 follows. By setting a--- 
7.8.2.6 (Table 6) 
The numerical value 0.961977 ... in [18, No. 7.8.2.6] is incorrect and should be replaced by 
0.949477 ... To derive an analytic expression, we note that this formula is a special case of [18, 
No. 7.8.2.1] 
( 3 ) 
7F6 a 'a ' l -a ' l -a ' l '3 '2  -1  
1 l+a ,  l +a, 2 -a ,  2 -a ,  ~, 
a2( l  - a )  2 
- 1 -2a  {4f l (a ) - (1 -2a) [ f l ' (a )+f f (1 -a ) ] -2xcscan}.  
1 Setting a = ~ and using the reflection formula (22) for fl'(x), we obtain 
R:--TF6 i '  4' ~' 4' 1' 2' 5 - -1 9 8fl(l I 
I 1 5 5 7 7 :~ '6  4)-2fl'(4 )-x/~(nz+4n " 
From the formula [5, No. 8.3636] for ~k(p/q) we find 
2fl(¼) = qJ(~) - ~,(~) --- x/2 [n + 21n(l + x/2)]. 
Substituting this result together with (23) for 2fl'(¼) yields 
R=-z52g [(2 + x/2)n 2 -  8x/21n(1 + x/2)+ 16G-  ~b'(~)] 
in Table 6. 
3. The tables 
The notation 7.i.j.ka etc. indicates that the corresponding formula should have its place after 
number 7.i.j.k in Table 7.i.j in [18]. 
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Table 1 
7.3. 1.83a 
7.3.1.91a 
7.3.3.3a 
7.3.3.5a 
7.3.6.28a 
7.3.9.35a 
" z) = cosh(2aarcsin v ~) 2Fl(ai,-ai; ~, 
sinh(2a rcsin v/Z) I 1 3. Z )  ~ 2F~(i ~ai, 5 -ai ;  ~, 
2av'~ 
2F~(ai, -ai; ½; -z )  = cos(2aarcsinh v/z) 
sin(2a arcsinh v~) I 3. - -Z )  ~- 2F~( ½ + ai, 5 - ai; ~, 
2av~ 
2F~(~, ½; ~; -1 )  = In(1 + v~) 
I 3 . 3  2 2Fl(~, 1; 5' ~) -- ~ ln(2 + v'~). 
Table 2 
7.4.2.193a 
7.4.2.254a 
7.4.2.345a 
7.4.3.17a 
7.4.4.130a 
7.4.4.134a 
7.4.4.135 
7.4.4.151a 
7.4.4.155a 
7.4.4.179a 
7.4.4.183a 
7.4.4.197a 
7.4.4.197b 
7.4.4.209a 
7.4.4.210a 
7.4.4.242a 
3F~(¼, 
3r~(½, 
3F2(¼, 
3F2(1, 
3F~(~, 
~F~(~, 
3F2(¼, 
3F:(~, 
3F:(~, 
,F~(~, 
3F:(½, 
~F:(~, 
3F2(t, 
3F2(1, 
3F:(1, 
~,~,~'~,1 3. , 5 . z )= iz-I 1"4(arcsinzl,'4+arcsinhzl:4) 
3 5. 3 3.z) = 2 l+v / l+v~ 
7, ~, i, 5, ~ ln  • 
i+v / l -vT '  
3 5. 3 7. z) = 3z-3"a(arcsinz TM - arcsinhz TM) 3,, ~, i, ~, 
arcsinh 2v ~ 3 1, 1; 5, 2; - z ) -  
z 
, s. 7 7 .1 )_  F2(~) [nv /~+61n2]  
~' ~' ~' ~' ,o8 r(~--------3 
, 3 ,  5 1 )_ - , [  ] ~, 7, 5, ~, ~ n + 21n(l + v/2) 
I i ;5  5. 7  ~,~,1)=~(n2+8G)  
I 2. 4 4 3, 7, ~, 3; 1) = ~ r~(~) 
5 5. l, II. 1) 25 ~ [3v /~ ln3+4v~_3n]  
~, ~, Y , - r ,  - ~ r (~) r (~)  
3 5.  3 3 ~, 7, 5, 5; I) = 2In(1 + v/2) 
3 3. I )=2G 1, I; 5, 5 , 
3 1 ;7  7. 9 -8G)  ~, ~, ~, 1 )= (re 2 
3 5.3 7. 317t -21n( l+v~)]  7,7,  5, ~, 1 )= ~ 
5 1 2 ~(Tr +8 1, 1; ~, 2; 1 )= G) 
7 3 2 1, 1; Z,2; 1 )= Z(n -- 8 G) 
5 '~ 9 9. 25 t 2 ~, ~; ~, ~, I )=  ~tr t  +8G-  16) 
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Table 2 contd. 
7.4.4.242b 3/72(1, ~, 
7.4.4.243a 3F2( 1, 3, 
7.4.4.243b 3F2( 1, 7, 
7.4.4.243c 3F2( I, 2, 
7.4.4.243d 3/72( 1, 2, 
7.4.5.74a 3F2( 1, 1, 
7.4.5.82a 3F2( I, 1, 
7.4.5.96a 3/72(1, 3, 
7.4.6.1a 3F2(~, 1, 
3 5 5. 1) = 9(7T2--  8)  
i ;  i ,  ~, g 
2; 5 5. 9 (2G-  I) .~, ~, 1 )= ~ 
7. ~,  ~;  1 )= 49 (9rc2_72G_  16) ~, T-~ 
2: 9, 3; I )=  ~(n 2+8G-4)  
7 (3n2 _ 24G - 4) 2; ~,  3; l) = 
1; 3; 2; -1 )  = In2(] -- v~)  
3.  b ~,2 ,2 ; -1 )=41n l+v~ 
2 
3. 5 5. 1 )=9(1-G)  ~, ~, ~, 
3 3 .  1; ~, ~, ¼)= ~' [8G-nln(2+v~)] 
Table 3 
7.5.3.~a 
7.5.3.65 
7.5.3.65a 
7.5.3.87a 
7.5.3.91a 
7.5.3.110a 
7.5.3.115a 
7.5.3.127a 
7.5.4.29a 
7.5.4.43a 
7.5.4.50a 
4F3( I  I i 5. 7 7 7. 1) ~, ~, ?,, ~, g, ?~, ~, 
r~(~) 
- -  1296 F( ½ ) [12~b'( ½) - 37t 2 + 41tv/3 In 2 + 12 In 2 2] 
2 I 
4F3(~, I , ,. 5 s 5 r (~)  , : 
~, ~' 5' ~' a, 7; 1 )= 128v/~tn  +I6G)  
4F3( / , !  I 1;5 5 5 I ~, a, ~, ~, Z; 1 )= ~[28~(3)+z  3] 
, F3<' , '  ' 2 ,  , 4 
~, g, g, g, ~, g, 1 ) -  36nv~ 
125 v~ 
?,, ?,,~; - ,  1 ) -  
1944 ! l r(~)r(~) 
× { V/3 [60~b'(½ ) - 67n 2 - 27 In 2 3 - 72 In 3 - 96] 
In 3 + 4)} -v18n(3 
4F3(~, 2, ~, 1; ~, ~, ~ 3  3 v 7 7. 1 )= ~27 [28~(3) -  ~ 3] 
4F3(1, 1, 1, 1; 2, 2, 2; 1) = if(3) 
4F3(1, 2, 2, 2; 3, 3, 3; 1) = 8 [~(3) - 1] 
,F3(½, ' ' 3 3 3._ i )= ~u3 ~, ~, l; ~, ~, ~, 
3 4F3(1, 1, 1, 1; 2, 2, 2; -1 )= ~(3)  
4F3(I, 2, 2, 2; 3, 3, 3; -1 )  = 214-  3((3)] 
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Table 3 contd. 
7.5.5.1a 
7.5.5.1b 
7.5.5.1c 
1 3 5 5 .  4F3(¼, 3' l, I; ~,, ~, ~, 1 )  
= ~ {16G + n~-  18In 2 [~(v/-5 - 1)] - 2nln(2 + x/'3)} 
4F3( ] ,1 ,1 ,3 .  5 7 7 .1  ~, ~, ~, ~, ) 
: 3 2 ~{16G-  + 18 In2 [~(V'-5 - l)] - 2x ln(2 + v/3)} 
4F3(1, I, 1, I; ~, 2, 2 ; -~)  = 4 ~(3) 
Table 4 
7.6.2.21a 
7.6.2.22 
7.6.2.25 
7.6.2.42a 
7.6.2.43a 
7.6.2.54a 
7.6.2.57a 
7.6.3.7 
7.6.4.2a 
5F4(1 ,  , I I 5 .7  7 7 7. 
F2(6) 2] 
- 23328 F ( .~){120 ' (½)[  v/'~rt + 6In 
-18n 2 In2 + 12v '~xln  2
5F,,,(¼, ~ , , , .5  5 5 5. ,~ ,~,~,  ~, ~,g ,~,  
~, ~, ~, l; ~,, ~, ~, ~., 
5F4(} ,  I I I 2.  4 4 4 4. ~, ~, g, ~, .~, ~, g, ~, 
5F~(½, 1 I 1 3 3 3 3. ~, ~, ~, l ;  ~, ~, ~, ~, 
5F~(1, 
5F4(1, 
5F4(¼, 
5F41,  
2 + 7v '~n 3 + 468~'(3) + 241n3 2} 
X/~ F2(¼ )(5~ 2 +48G)  
I ) -1536~ 
1)= ~ (x2 - 2~-  8G + 81n2) 
' F2¢  ' ~ [6~k ' ( '  1)= 9 -~- , ~, ~) -n  2] 
1 ~.4 l )=~ 
1, 1, 1, I ;2 ,2 ,2 ,2 ;  I )=  ~n 4 
2, 2, 2, 2; 3, 3, 3, 3; I) = ~(x  4 - 90) 
I 3 3 5 5 7 7 ~, ~, ~, ~; ~, ~, ~, ~; ~) 
9 [(2 + v'~)rr 2 + 8v~ln( I  ± v/2) + 16G - ff '(~)] 
1, 1, 1, I; ~,3 2 ,2 ,2 ;  ~) :  F~GI  17 rt4 
Table 5 
7.7.2.9a 
7.7.2.10 
7.7.2.10a 
7.7.2.1 la 
6,%(¼, '  ' i , , .5  5 5 s 5.1)  
_ F2( I )  [I 7n 4 + 96n 2 G + 768 G 2 + 1536fl*(4)] 
24576v/~ 
I 3 3 3 .5  5 7 7 I .  9 G 
6F5(¼,  /,, ~, ~, I ,  ~,  ~, ~,, ~, ~,, i ,  I )=  ~ 
6F5( I I _1 I ! I._3 _3 3 3_ _3. 1 )= 31 
2, 2, 2, 2, 2, ", 2, : ,  3' 2, 2, n ~(5) 
6F5(1, 2, 2, 2, 2, 2; 3, 3, 3, 3, 3; I) = 32 [~(5) - I] 
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Table 6 
7.8.2.5a 
7.8.2.6 
~,~,~,~,~,~,  H,~,~,~,H,~,  1) 
2 I [121n 4 G+3840G2+ - F (~) + 800n 2 7680~*(4)] 
491520~ 
-1133 33 .115577.1)  
7~6(~, ~, a, ~, 1, ~, ~, i, i ,  ~, ~, ~, ~, -- 
9 - 56 [(2 + ~)n  2 - 8~ln(1  + ~)  + 16G - ~'(~)] 
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